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1 Introduction 



It is well known that asymptotically free gauge theories become weakly coupled at high 
temperature because of the decrease of the running coupling constant g'^{T) with T. 
But due to infrared divergences the domain of applicability of perturbation theory is 
limited by the few lowest orders and by distances much smaller than (g'^T) ^, beyond 
which nonperturbative effects become important. On the other hand, the smallness of the 
effective coupling justify an application of semiclassical methods, which provide essentially 
nonperturbative information. While the finite temperature instanton calculations have 
been performed in detail [|l|, the contribution of another type of finite action classical 
solutions, the BPS monopoles p[, was studied only numerically |^. Analogously to the 
't Hooft-Polyakov monopoles in three dimensional adjoint Higgs model, which generate a 
mass gap and an area law for Wilson loops |Q, the BPS monopoles contribute, in principle, 
to the spatial string tension and to the magnetic screening, responsible for the infrared 
divergences of perturbation theory. 

The mean density of the BPS monopoles is determined in a dilute gas approximation 
by the contribution of a single monopole to the partition function. The calculation of the 
latter implies an account of the fluctuations in the monopole background. The purpose of 
the present paper is to calculate the corresponding fluctuation determinant. The method 
we use is based on the fact that the propagators in the monopole background are known 
explicitly 0-0. This method allows to find completely the functional dependence of the 
determinant on the monopole size. However, the general expressions are too cumbersome, 
and only the results for the monopoles of a small size will be exhibited explicitly. 

It is not evident that the semiclassical calculations for the BPS monopoles can at all 
be performed. The point is that the Coulomb-like behavior of the monopole field may 
lead to the logarithmic infrared divergences at a one-loop level. Such divergences indeed 
have been found in a similar problem of calculation of the quantum corrections to the 
mass of the 't Hooft-Polyakov monopole ^j. The observation that the BPS monopole 
can be obtained as an infinite size limit of the periodic instanton @, ^ does not help, 
since the instanton determinant is singular in this limit. However, this singularity is a 
consequence of the fact that the leading contribution to the determinant comes from the 
distances much larger than the instanton size where the field of the instanton differs 
considerably from that of the monopole. The monopole determinant, as it will be shown, 
is finite and free from infrared divergences. 

2 Monopole contribution to partition function 

In a standard formulation of a field theory at finite temperature the partition function 
and correlators are represented in a form of Euclidean functional integrals with periodic 
boundary conditions in an imaginary time with a period, equal to the inverse temperature 
j3 = 1/T. The static fields are obviously periodic and thus contribute to the functional 
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integral. We consider pure Yang-Mills theory with gauge group SU{2). It possesses 
(anti) self-dual static classical solutions of a monopole type 0: 



Aq = qfiUa coth fir 




sinh jjr 



coth fir 



1 



sinh fir \ fir ^ 

-Q^ijkFko, (2.1) 

where rii = Xi/r, r = |x| and q = ±1 is a magnetic charge of the solution; in what follows 
the monpoles with q = 1 are considered. We shall also use a matrix notation for gauge 
potentials: A^ = y4^cr"/2z. 

It is worth mentioning that Ao in ( |2.1| ) does not decrease at infinity. Consideration 
of a constant background shows [0] that not all such fields, but only that, satisfying the 
condition 

/•/3 

lim Pexp / dxo Ao{xo,x.) = ±1, (2.2) 

|x|-»oo Jo 

give finite contribution to the partition function in the thermodynamic limit, others being 
suppressed by a factor exp(— cV^T^). The condition (|2.2|) leads to a quantization of the 
monopole size: 

A=— (2.3) 

The integer k is nothing but the topological charge of a monopole: 

/3 



327r^ Jo 



dxQ J d X ^£ f_iuXpF^i,F\p. 

Only the solutions with fi, given by (|2.3|) , can be gauge transformed to the periodic fields 
decreasing at infinity. This gauge transformation is periodic for even and antiperiodic 
for odd k. When the matter fields are added, only the periodic gauge transformations 
are allowed, so in this case the topological charge of a monopole should be even. The 
possibility of antiperiodic gauge transformations in pure gauge theory is a consequence of 
Z2 symmetry [Q. However, at high temperature Z2 symmetry is spontaneously broken, 
thus the contribution of the monopoles with odd topological charge apparently should not 
be taken into account in this well. 

The monopole density can be calculated by standard semiclassical techniques. The 
zero modes are treated by collective coordinate procedure. Since the BPS monopole is self- 
dual, the contribution of non-zero modes can be expressed through the spin-0 fluctuation 
determinant [|^. In a background gauge Dj^^^Afj_ = it gives, together with a ghost 
contribution, a factor [det (— D^)] ^, where the covariant derivative acts in the adjoint 
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representation: Df = S''''d^ + e'^'^A''^. Thus one obtains for a one-monopole partition 
function: 

Z^ = J2 [du J"^ [det [-D^)y' e -^^'^lal^ (2.4) 
k 

where the integration is over collective coordinates, corresponding to the zero modes. The 
Jacobian J ensures a correct normalization of the measure and depends on a parametriza- 
tion of the classical solutions. The last factor is a contribution of the classical action. 

There are four evident zero modes in the monopole background. Three of them corre- 
spond to the global translations and one - to the global gauge transformation, commuting 
with Aq. Let us stress that there is no zero mode, associated with dilatations - the inte- 
gration over is replaced by summation over k. However, the total number of the zero 
modes is larger, it grows linearly with k, so the BPS monopole is a particular case 
of a more general periodic solution with a unit magnetic charge and topological charge k. 
Such solutions are generally nonstatic and, in principle, all of them can be classified |Tl[ . 



More detailed treatment of the zero mode contribution is beyond the scope of the present 
paper. 

The monopole density is ultraviolet divergent due to the contribution of both fluctua- 
tions and zero modes. After a proper regularization all ultraviolet infinities are absorbed 
by a standard one-loop coupling constant renormalization, and the divergent contribution 



reduces to the replacement of the bare coupling in (|2.4| ) by the renormalized one g iT) 



For the monopoles with nonintegral topological charge the fluctuation determinant 
contains also the infrared divergences. We regularize them by cutting divergent integrals 
on an upper bound. The leading divergence is proportional to the volume, it produce the 
factor exp(— c\^T'^), which leads to the abovementioned quantization of a monopole size. 
This divergence, as well as the nonleading power-like and logarithmic ones, cancel, when 
the condition (Ol) is satisfied. 



We shall perform explicit calculations of the determinant for large /c, systematically 
dropping 0{l/k) terms. Here we quote the final result: 

- In det [-D"^) = hi\n^ + ht\nk - 0.240373A; + O (k^) , (2.5) 
where A is ultraviolet cutoff. 



3 Variation of determinant 

We use the following representation for the regularized determinant: 

r.-tadat(-fl=)=/;^f Spe"". (3.1) 
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The variation of F can be expressed through the Green function of {—D"^). We choose fi 
to be a parameter of variation, then 

dA 

^~dfx ^ XjdjAy = XjFj^ + D^{xjAj) + S^qAq = XjFj^ + 6^oAo (3.2) 



and 



/i— = - / _ / Sp e^^ + e 1^^^ ■ 3.3 

Ofl 2 Jl/A2 t Jo \ oil OjJ J 



Consider the integrand in this expression: 

^(t, .) = Sp f e ^^V^ e (*-^)^^ + e (*-)^ e V (3-4) 
\ Ofi on J 

At first sight it does not depend on s due to the cychc property of the trace, equivalent 
for differential operators to integration by parts. This, however, leaves boundary terms 
and, as a result, JF is a second order polynomial in s. To show it, let us differentiate (p.4| ) 
n times with respect to s: 

= sp (a+ie*^' + (-i)"e*^'a+i) . (3.5) 

Here On is a differential operator of n-th order, defined recursively by 

dD^ j OA \ 

On+i = \d', oJ . (3.7) 



It is not difficult to write down explicitly the first few ones: 



03 = |l^A,|/^.,|/i^,(/^Ai^.p) 



+ lD,J(DxD,fi^) ,Dp 



dA 



vp 



f Id, 



(3.9) 



It follows from the definition of On+i that for n > 1 the right hand side of eq. ( p.5|) is 
given by the trace of a commutator or, equivalently, by an integral of a total derivative, 
which reduces to a surface term: 



-^(t,0) 



Sp 



D^C„e*^ +(-!)" e*^ a 



4 



dxn I d^x Tr 



D OnJC{x,y;t) + i-iriCix,y;t)On 



0„/C(x,y;t) + (-ir/C(x,y;t)Oj D 



y=x 



13 r 

dxo f d^TiTii Tr 
Jsr 



D, OMx,y;t) + (-ir/C(x, t) 0„ 



+ 0„/C(x, y; t) + (-1)"/C(x, y;t)oA D 



(3.10) 



where Tr denotes the trace over color indices in the adjoint representation and R oo. 
By /C we denote a heat kernel of —D^: 



}(^{x,y;t) = (a; 



tD2 



y 



(3.11) 



By noting that D^fi^^j^ falls exponentially at infinity and F^x is of order 1/r^ we conclude 
that the coefficients of the operator O^, and thus of all On with n > 3, are, at least, of 
order 1/r^. As a consequence, the surface integral ( p.lOj ) vanishes for n >3 and only the 
first and the second derivatives of JF are not equal to zero. 

Using an explicit expressions for Oi and O2 and taking into account that only the 
variation of Aq does not decrease at infinity we find: 



2 / dxQ (f d^T, Hi Tr 
JO Jsr 



yw^^ ( DiD oK^ix, y;t) 



-^D ,/C(x, y; t)Do + ^o/C(x, y; t)D, - /C(x, y; t)DoD. 
4^ dxo d^S^jTr ^/i^^Fio/C(x, x; t)^ , 



y=x. 



(3.12) 



4 / dxf) S (i^S n,; Tr 

Sr 



OA 

/w-^^io ( ^ i ^ i^(a;, y; t) 



+ Di]C{x, y- t)Dj + Z},7C(x, t)^ ^ + /C(x, t)^,^ . 
-^^ rf^SriiTr ^/i^^Fio/C(x, x; t) j . 



The last equality holds, because at infinity 

1 . 1 



DiDjlC{x,y;t) 



IC{x,y-t) + 



(3.13) 



(3.14) 



and analogous formulas are vahd for D i}C{x,y;t) D j and IC{x,y;t) D j D i. They can 
be derived directly from the defining equation for the heat kernel with the use of it's 
asymptotic form at t ^ 0: 



}C^\x,y;t) 



6" 
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-{x-y)V4t 



(3.15) 



Thus we obtain: 



J^{t,s) = 2Sp U 



X, x;t)\. (3.16) 



Substituting this expression in the variation of the determinant, eq. (|3.3|) , and doing the 
integral over s one finds: 



u— = / at bp u 

C//i J1/A2 \ 



9/i 



+ 



- dtt dxo <p rf^Sn.Tr u— ^Fio/C(a;, x; t) . (3.17) 

3 J1/A2 Jo JSr \ OfX J 

After the change of variables t t — 1/A^ the integration over t can be easily performed. 
As it was shown in ref . |]T^ , the first term in ( |3.17D remains finite in A ^ oo limit and is 
given by 



IX- 



da\ 



Jl\x)= D,gf{x,y) + g'j,'{y,x)D 



(3.18) 
(3.19) 



y=x 



where Qr is the Green function, Q = [—D^) ^, regularized by the point splitting 



g'^j^{x,y)=g''\x,y)- 



itr(T''$(x, ?/)a^$(?/,x) 
47r^(x — y)^ 



ry 

$(x,?/) = Pexp / dx' A^,{x'). 

J X 

The second term in (|3.17|) reduces to a sum of two surface integrals: 



dV 



fi- 



ll 



1 



dfi 3 Jo 



dxo f d TiTiiTr 
JSr 



and 



dV 



III 



1 fP 



3 Jo 



dxQ f d^TjUi Tr 
Jsr 



■ Mop 1 / 



-1 gD2/A2 



X 



(3.20) 
(3.21) 

(3.22) 
(3.23) 



In the last expression (— -D^) ^ can be replaced by a free propagator and the asymptotic 
form ( |3.15| ) of the heat kernel can be used. One gets in the A ^ oo limit 



A2 



X 



-1 ^D2/A2 



X 



A^ 



A^J ^ in^ix-y flGn^ 



-(y-x)2A2/4 



167r2' 



and after simple transformations, involving the use of the equations of motion, ( p.23| ) can 
be rewritten as 



dV 



III 



11 d fi^ 



dfi 3 647r2^9/i 



Jo J ^ ^ '^^ P>^>~Fu> 



1 dk 



Thus 



/// 
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(3.24) 



Eqs. ( |3.18| ), ( p.l9| ) and ( |3.22| ) express the variation of F/ and Tjj in terms of the 
isospin-1 propagator in the monopole background. It is convenient to use the ADHM 
construction for self-dual gauge fields developed for the BPS monopoles in ref. 0; 
which provides the expressions for propagators in a rather compact form |15]. It is 



worth mentioning that the ADHM construction enables to calculate the multi-instanton 



determinants in complete generality |12, 16 



4 Ultraviolet finite part of determinant 

The essence of the ADHM construction is introduction of an auxiliary linear space; that 
of 2 X 2 matrix-valued functions of a new variable z G [—1/2, 1/2] in the case of SU{2) 
monopoles. The scalar product in this space is defined by 

/•1/2 , 

{vi\v2) = / dzvl{z)v2{z), (4.1) 



-1/2 

where matrix multiplication is implied. Thus {vi\v2) is a 2 x 2 matrix. The one-monopole 
solution is given in these terms by 

A^{x) = {v{x)\d,v{x)), (4.2) 

where 

/ t \ 1/2 

'^^"^^^ = i^i^J (^^0^ - ^^^'^) (4-3) 

is a solution to the equation 

At(x) \v{x)) = (^t-^ + eo + ^^^CT'^ \v{x)) = 0, (4.4) 

normalized by a condition 

{v{x)\v{x)) = 1. (4.5) 
Here and in what follows we denote by the rescaled coordinate: 

^^ = lj,x^, ^=\^\. (4.6) 

An important property of the ADHM construction is that operator A''{x)A{x) is 
scalar, i.e. proportional to the unit matrix, and positive definite. We shall need an 
explicit expression for it's Green function 0: 

f{x;z,z') ^ {z\iA^ix)Aix))-'\z') 

= -^e*^"^"""^'^ ^sinh^l^; - 2;'! + coth | sinh^z sinh^z' 

^ \ 
— tanh- cosh ^2; cosh ^2;' 1 . (4-7) 
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The isospin-1 Green function of {—D"^) is expressed through \v) in a relatively simple 

I tr a"-{v{x)\v{y))a^{v{ii)\v{x)) 



way |]T5 



47r2(x — uY 
1 /-i/s 

/ dzidz2dz^dziM{zi, z^, Zi) 

J -1/2 



where 



M{zi,Z2,Z^,Zi) 



Att'^ 7-1/; 

x-^tr (v^{x,Zi)v{x,Z2)(r''^ tr 2;4)t;(2/, ^3)0"' 



a 

— 6{Zi - Z2 - Z3 + Z4) [\zi + Z2- Z3- Z4\-l 



+ \Zi - Z2\ + 



[Zi + Z2){Z2, + Z4) 
l-\Zi- Z2\ 



(4.9) 



This Green function does not obey a periodicity condition. The periodic one is obtained 
from it by standard procedure: 



g''\x,y)= G"^'(a:o,x;2/o + nAy) 



(4.10) 



It is convenient to represent regularized Green function ( |3.2CI| ) as a sum of three terms: 
Qt{x, y) = g^'^'^\x, y) + g^'^^\x, y) + g^'^^\x, y), (4.11) 

where 

itr {a" {v{x)\v{y))a^ {v{y)\v{x)) - a°-(^{x,y)a^^{y,x)^ 



,(l)a5. 



x,y) 



1 1 



An'^ix — yY 
tr {a^R{x,y)a'^{y,x) +a''^{x,y)a'R{y, 



47r2 2 
+0 ({x-yf), 



X 



^(2)"^(x,y) = E 



R{x,y) 



|tr (T° {v{x) 



{v{x)\v{y)) - ^{x,y) 
{x - yY 

,2niknz v[y)\ab(v{y) 



-2iTiknz 



v{x) 



47r2 [{xo - 7/0 - npY + (x - y)^] 
In the last expression it was taken into account that 

\viyo + nP,y))= e'""^'-^ b(z/o,y)), 



(4.12) 
(4.13) 

(4.14) 
(4.15) 



where k is defined by ( p.3|) . Here and in what follows we consider k as a continuous 
variable, and put it to be integer only at the end of the calculation. Using eq. ( [4.15| ) one 
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can transform which comes from the second term in ( [4.8|) , into a more simple form. 
Really, summation over n in ( ^4.1CI| ) gives rise to a factor 



(4.16) 



which together with the 5-function in the kernel ( [4.9| ) allows to eliminate an integration 
over Z2 and in eq. ( |4.8| ). Changing variables in the remaining integrals to z = 2zi — n/k 
and w = 2z4 + n/k one finally gets: 



N 1 „i_|„|/fc 

y - 

IQ-K'^k ^r^^ 4 J^l+\n\/k 



\n\ 



zw 



dz dw \ \z — w\ — 1 + — — h I 
' k 1 _ H 

k 



X - tr (m_„(x, z)cr") tr (u„(?/, U7)cr''), 



where 



^n(^; ^) 



sinh^ 



n 



exp ( ^^0^ - ^iO-'^ 



(4.17) 



(4.18) 



and N is an integral part of k. In ( [4. 171) n varies from — to A^, because in (|4.16| ) 1^3 — ^4! 
is by definition smaller than unity. 

The next step is evaluation of the current J'^, but first we rescale integration variables 
in eq. ( p.l8| ) and express the trace in the adjoint representation in it through the usual 
matrix trace: 



k 



dk 



dio J d-^^ tr il^-gj^-J'^ 



Sn^k 



Xk 



c/a'tr [i^.Fj, + 5,oAo) Ju] , (4.19) 



where A = 2nR/P, R is an infrared cutoff. The last equality holds, because an integrand 
depends only on |^| in virtue of the central symmetry and time independence of the 
monopole solution. 

Consider first the contribution of It can be rewritten in the form ( [4.19|) with the 
help of the identities 



^ad 1 

D-tT a'^Aa^B 



1 ^ db 

-tr ia'^Aa'^B'] D .. 



1 

-tr 
2 

1 

: - tr 



a''{D^A)a^B - a''Aa\BD^) 
a\A^^)a^B - a^Aa^D^B] 



(4.20) 



where the covariant derivative on the right hand side acts in the fundamental representa- 
tion. Applying them to (|4.12|) and taking into account that 



y=x 



y=x 



one finds that J^^" = \i€'''"^ti (a'^jjp) with 



D^R{x,y) + R{y,x)D, 



(4.21) 



y=x 
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Now one may use the ADHM construction to write ||12|| : 

1 



37r2 



From (|4.3| ) and 



we find 

f\v) 



a = z sinh tanh - cosh fz, 

b = 2; cosh f 2 coth - sinhfz. 

^22^ 



Substituting ( [4.23D in eq. (K:-22|) one obtains: 

1 /-i/a 



(1) 



Gvr^ sinh^ J -1/2 



dz [mjcr' (a + 6 ) — 2ia6] 



J, 



(1) 



1 / 1 cosh,^ 
12^ \^ " sinh^ ^ 
1 /-i/s 



Gtt^^ sinh^ 7-i/2 



da 



db 



^(a'-b') + b—-a— 
dz dz 



da ,• f,jdb f db .da 

+a a- — h UjUka-'a a b- rii a- — h 0— 

dz dz \ dz dz 



1 



i£{jif.nj(j 



1 cosh ^ 

+ 



127r2sinh^ \sinh^^ ' ^sinh^ ^2 
For the first factor in the integrand in eq. ([4 .191) we have: 

e,F,o + Ao = ^ f cothe - ' 



2i \ sinh 



Calculating the trace and doing the integral over ^ one finds: 



2\k 5 27\ , 

-In \ h— k, 

3 TT 18 54 3 / 



where 7 is the Euler constant. Note that the term containing J^^^ is logarithmically 
divergent - this is the origin of In A in ( [4.30|) . 

Let us turn to the contribution of Q^'^\ To rewrite it in the form ([4.19|) we use 
( [4.20| ) and an obvious equahty = {v{x)\d^\v{x)), valid for covariant derivative in the 
fundamental representation. A simple calculation gives: 



(4.22) 

(4.23) 
(4.24) 
(4.25) 



(4.26) 



(4.27) 

(4.28) 
(4.29) 

(4.30) 



J, 



{2)ab 



g 2-Kiknz 




g —2niknz 




v) a'' (v 





a { V 



. 2-iTiknz 



2mknz 



V ) a (V 



-2niknz 



V) a (V 



-2-Kiknz 



(4.31) 
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with P 
with 



j){v\. Substituting this expression in (|3.18|) we rewrite it in the form ( |4.19|) 



1 



{2'KkYrv 



d^P, e 



2niknz 



v) tr (v 



V e 



-2-Kiknz 



v) tr (v 



+ 46 



^J,o 



2iTiknz 



f ) tr (v 



vj + [n ^ 

■2niknz ^ 



-n 



[n 



-n 



. (4.32) 



At first sight J*-^-*, being of order gives 0{l/k) contribution to T. However, the 

situation is more involved due to infrared divergences. The calculations are lengthy and 
are carried out in Appendix. Here we only quote the results. The leading cubic divergence 
has the form 



Indet (-D^) 



9^3 



47r^ 



VTh'd - s?, 



(4.33) 



where s = fcmodl. Hence we obtain the expected result, that the contribution of the 
monopoles with nonintegral topological charge is suppressed by a factor exp(— c\^T^) with 
coefficient c precisely the same as for the constant background field [|l|. For integral k 

(2) 

the cubic divergence vanishes, all other ones also cancel, and F} is infrared finite and is 
indeed of order 1/k. 

Now let us proceed with the contribution of Direct calculation of J'^^^ according 
to (|3.19|) and it's substitution into ( p.l8D leads, after a simple algebra, to the result, which 
again has a form of ( |4.19| ) with 



1 



N 

E 



l-[nl/fc 



dz dw 



\n\ 



\z - w\ - 1 + — + 
k 1 



zw 



i [u^niz),d^,Uniw)] ~ ^ \d ^,U-n{z) ,Un{vS)\ 

+u_„(2;) tr {un{w)A^ + u„(iy) tr (m„„(2;)A^) 
-2A^tr (m_„,(z)m„(w)) + A^trM_„(2;) trM„(w)} . 



(4.34) 



Note that the term under consideration do not contain infrared divergences, because 
= 0. It can be shown by an explicit calculation according to eq. ( [4.34| ), but more 
simple way to see it is to use directly a definition (|3.19|) and eq. (|4.17| ). Really, since 
Aq (X yf and tr {un{x^z)a'^^ oc n'^, e^'^^Agtr {un{x,z)a'^^ = and D^'^ acts on Q^^^'^'' as 
an ordinary time derivative. Hence J'^'' oc tr (m„„(T'^) tr (UnC^) oc n°"n!', which gives zero 
after the substitution in eq. (|3.18|) . 

(3) 

The straightforward calculation of Jj gives: 



J, 



(3) 



zw 



N 

E 



l-\n\/k 



IQn'^k sinh ^ •^-'^+W/k 
sinh ^ z sinh ^ w 



dz dw 



\z — w\ 



\n\ 

T 
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e 



IQn'^k sinh C, 



N 

E 



-N 



4 (l-^l + 4sinh2fl-^U 



k 



k 



2 cosh 2 (l 



e-1 



1 _ H 



1 



e 



IQn'^k sinh^ ^ 



2 sinh 2f 
\ ^ 

e e 



-(cosh2e-l) 



2k 



+ 



1 cosh(2-i)e-cosh(2s-l)f 



sinh T 



4 cosh (2 - i) - cosh(2s - 1)2 

r4 /- 



sinh ^ 



(4.35) 



After the substitution of this expression in eq. (|4.19| ) the resulting integral over ^ cannot 
be expressed in elementary functions. But the k ^ oo asymptotics can be found explicitly. 
Since the integral is infrared convergent, we may simply expand two last terms in (|4.35|) 
in powers of 1/k, which gives, after integration: 



k^ 
"dk 




iV(l-^)+(3-21n2.).+ (i + ^ 



+ 



(4.36) 



This completes the calculation of dTj/dk. The result is given by ( [4. 301 ) and ( [4. 36] ) 



vf^ gives 0(1/ k) contribution, as it is shown in Appendix. To obtain Tj one should 
remove the variation with respect to k. An integration of dV^P /dk and of the last two 
terms in dvf^ /dk is trivial. As for the first term in dvf^ /dk, it is convenient to divide 
the integration region in the integral intervals, i.e. to integrate first over s = /cmod 1 from 
to 1 at fixed N = k ~ s and then to sum over N: 

N+1 1 



E 

N<k 



N + s 



1 - 



2 N + s 



^ 2-^ + ^ 

N<k 



NV 



-k--\nk + 0(k^) 
2. 2. ' \ J 



2 2 

Note that the term, proportional to In k, cancels with the result of the integration of the 
last one in ( [4.36| ). Adding up all contributions we obtain: 



hint 

3 



'2, 27tR 20 27r2 

- In \ \ 

3/3 9 27 



21n2- -ln7r + — I k + 
3 3 / 



(4.37) 



5 Ultraviolet divergent part of determinant 



In this section the surface term ( p.22|) is considered. It contains, since {x\{~D 



2\-2| 



Y^ln(a:; — y)^, the logarithmic ultraviolet divergence of the form — |A;lnA. This is the 
conventional contribution of a scalar loop to the coupling constant renormalization. To 
calculate Tu completely we define 

S^\^,0 = J d'nG'^\i,r,)G^\n,e)- (5.1) 
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where the integration ranges over the whole Euclidean space and the rescaled variables 
( [4 .61 ) are used. The squared propagator, (— which enters eq. ( p.22| ), can be obtained 
from S by the same procedure as the periodic Green function was obtained from the 
nonperiodic one in ( |4.1CI| ). But, since S{^,^') depends only on the difference — it is 
more convenient to Fourier transform in ^q- In such momentum-coordinate representation 
the asymptotics of the heat kernel for large A has the form 



e ~ 



5(x-y)e 



and, as 

we rewrite eq. ( |3.22| ) as follows: 
dTn 



ab 



■^ni{nani, - da 



n 



where 



/ + 00 
rfte-^-*Kn,-5„,)5"''(0,^;t,^). 
-oo 



(5.2) 



(5.3) 



(5.4) 



(5.5) 



This function can be evaluated using the explicit form of the propagator ( ^.8| ). Note that 
the second term in eq. ( [4.8| ) is proportional to naUb and thus does not contribute to 
(f){uj,^). The integration over tjq in ( ^.1|) and over t in ( |5.5|) can be easily done, which 
yields: 



0(a;,^) = 

— tr 

where \v) = |f(0, 77)) and 



647r2 (^ - rif 



{naUh - 6ab) (2tr (v Q"(^) 



V){V 



v) tr (t> 



Q\uo) m;) =t;(0,C;^)aV(0, 1; w;)e -'^-"+"11^-^1. 



(5.6) 



(5.7) 



The integral ( ^.6| ) must be evaluated for ^ ^ 00. In this limit only the domain of 
integration with 1] ^ ^ gives essential contribution. In this region v{0, rj; z) and i;(0, ^; z) 
are exponentially small, unless z is closed to ±1/2, when f(0, 

crVj) and f (0,^; z) ~ e '^^/^^^•'^(l =F cr*^i), where z/j = r]i/'r] and rii = ^i/^. Then, with 
exponential accuracy. 



3«" ^ f u,: 



dz dw e (i-^-"')(?+'?)-lp2+'?«'+'^l l^~''7l 



The substitution of this expression for (v Q"'{uj) vj in eq. ( p.6|) considerably simplifies 
the matrix algebra, which can be performed with the use of the identities 



[l+pa'ui){l +pa'n,)a\l - gaV)(l - qa'ui). (5.8) 



[1 + pa''ni)a^nj = cr-'rij^l + pa^rii) = p{l + pa^rii 
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After some calculations the integral ( p. 61 ) can be rewritten in the following compact form: 



where 



Miuj) = I dzdw e^^~ 

7-1/2 



z-w){^+ri)-\z+w-uj\ l^-ryi 



It is convenient to change the integration variables in ( |5.9| ) to 

x = ^ + v, y = 1^-111, 

then 

dy f'^^+y 



(5.9) 
(5.10) 

(5.11) 



1 



dx {x - - y^ (M^ioo) + M^i-io)) . (5.12) 



Assuming that an upper bound of integration in (|5.10|) is equal to infinity, one finds: 



M(cu) 



(x + 2/)2' 



-(oj— l)x 



2{uj — l)y Axy 



rj.2 _ y2 



(x^ — 2/^)^ 



UJ < 1 
UJ> I. 



(5.13) 



When 7^ 1, the integrand in ( |5.12| ) is exponentially small for ?/ ~ ^, so one can restrict 
the integration region io y « ^. Then the integral can be easily calculated and one 
obtains, up to 0(1/^) terms. 



1 



47r(l -cu2)' 
\uj\ 



\uj\ < 1 
\uj\ > 1. 



(5.14) 



47r(cj2-l)' 

This expression is singular at = 1. Remind that in the dimensionless units we use the 
size of the monopole is equal to unity. In fact, eq. (|5.14| ) is not valid in the resonant 
case. The point is that, when Icu^ — 1| ~ 1/^, one can not restrict the integration region 
to y << ^. In particular, 0(±1, ^) is finite of order ^. The general expression for (p, valid 
also for resonant frequencies, is too cumbersome, but in what follows we shall need only 
the following integrals: 



/_(A^,0 

Jl-Au) 

For 1 >> Au » 1/^ one gets: 
/-(Acu,0 = 



l+Au 



du;(p{uj,$,). (5.15) 



5 -2 



TT 



Stt 



lneAcj-- + y-71n2 + 7 



in 



/+(Acj,0 = -— lneAcj + - + ln2 + 7 . 



(5.16) 
(5.17) 
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Returning to the eq. ( |5.4|) we find that, when the fractional part of k is not too close 
to or to 1, say NAlu < s < 1 - {N + l)Aa;, eq. ( |5.14| ) can be used for 0(co'„,^). On 
the other hand, when s < NAu or s > 1 — (A^ + l)Aci;, the sum entering ( p. 41 ) can be 
approximated by 2(f){u!N,$,) or by 2(f){uiy^i, respectively. By noting that 

/ -0(w;v,l) = /-(A^,27riVTx), 
Jo k 

/ — (P{ujM+i, I) = I+iAco, 27r(iV + l)Tx), 

Jl-(N+l)Auj k 



we find: 



II 



1 f'^ An 



3 

i J2 {87r/_(Acu, 27riVTx) + 87r/+(Ac<;, 27r(iV + l)Tx) 



l-{N+l)Auj 

ds 

NAuj 



2 In -4^ + 2^{2N + S + 1)- 2^(s) 
27ri 



-2V^(A^ + 1) - vr cot 7r(A^ + s) - 7]} 

-iA;mni?A-l + y-41n2 + 7j + O (A;°) . (5.1^ 



Collecting together all contributions, given by eqs. ( p.24| ), ( [4.37] ) and ( p.l^ ), we obtain 
the final result, quoted in sec. ^: 

A; + 0(A;°). (5.19) 




6 Conclusions 

Our results show that, despite the Coulomb nature of the monopole field, the one-loop 
corrections to the action are free from the infrared divergences. Thus the contribution 
of the BPS monopoles can, in principle, be calculated by semiclassical methods. To 
perform this calculation completely it is important to consider zero modes in the monopole 
background and related nonstatic deformations of the classical solution. The number of 
the zero modes grows with the decrease of the monopole size, which makes the problem of 
the calculation of the monopole density more complicated, than that for the instantons. 

It is worth mentioning that generalization to SU{Nc) with Nc > 2 and introduction 
of massless fermions also should not be literally analogous to that in the instanton calcu- 
lations, because of a difference in the structure of gauge zero modes and the fact that the 
topological charge of the BPS monopole, and hence the number of fermion zero modes. 



is related to the monopole size. In particular, the form of the 't Hooft interaction |T7| 
induced by the BPS monopoles, may be not the same as for the instantons. 
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Appendix A Calculation of Fj 



(2) 



In this appendix we calculate Tf\ the variation of which is given by ([4.19|) with J"^^) 
defined in ( [4.32| ). First, we note that 



. 2'Kiknz 



2-Kiknz 



2mknz 



(2) 

We begin with the term, containing Jg . Define 



En = (V 



Cn 



, 2-Kiknz 



v) = Cn - iUia'Dn, 



COS nkn + ^ coth ^ nkn sin nkn 
coth C, sin irkn — ^nkn cos nkn 



then, since \dov) = iz \v), 



doP, e 



2niknz 



1 dEn 



7m dk 

Substituting this expression into ( [4.32| ) one gets: 

1 



+ {Ao, En} . 



(2) 



in- 



E 

1 



1 / 1 ^ \ 

1 - o tr E^n - E^n tr En) 



Tc^k^n^ \ 2 dk ^ 

{Ao,EntTE.n + E_n tl En} 



2'K'^k'^'n? 



^2^2^2 

Using ( |A.2| ) and taking into account that 



^2^2^2 



EntT {AoE^n] 



1 



- -4: 

2 dk 



1 d 1 
2dk¥' 



we find: 



(2) 



27r2 



1 d 



2 dk 7r3A;2 



1 ^-v CnDr, 



4vr2 



'dP 
'dk 



1 



1 (^2-02 

_|_ j\ "-"n 



- ( cothe - - 1 Q 



(A.l) 

(A.2) 
(A.3) 
(A.4) 

(A.5) 



(A.6) 



(A.7) 



16 



where 



E 



CnDr. 



1 



27r3P 



sin 27rkn 



^3 cosh 2^ 



E 



cos27rA;n 



sinh ^ (^^ _|_ ^2^2^2-^ 

e ^ 1 



E 



(A.8) 



Q 



1 r"^ - n'i 



27r2A;2 



cosh 2^ 



E 



cos27rA;ri 



sinh^e ^0 ^M^^ + T^^'^^^^)' 



2 cosh 2^^ cos2TTkn 



E 



sinh^e (^^ + ^^'^^^^)^ 
+47rfc^^ coth ^ y ^ 



The sums entering ( |A.8|) and ( |A.9| ) can be calculated as t ^ or t 
following equality: 



(A.9) 

oo limits of the 



E 



, 2mkn 



ITX 



, {2s-l)-Kt 



^0 {n + It) (^2 + vr2A;2n2)' (^i _ 



2 



sinh vrt 



2sinh(2s - 1)1 + ^ (3 - cosh(2s - 1)| 



2e 



sinh I 



( 1 _ IE 

i^s cosh(2g - l)f + ^sinh(2g - l)f 



€2 



sinh I 



+ 



it: 



sinh 2s I + 



Trfet 



cosh 2s f 



-, (A.IO) 



which can be obtained by Poisson resummation. Here s is the fractional part of k. The 
result of the calculations reads: 



P = ^(2s=^-3s^ + s)cothe-^(6s^-6s + l 



cosh 2$, 
^ sinh^ C 



3 coth^ ^ cosh 2^ 1 cosh 2^ cosh 2s | 

+ 2^2s-l)^^ ^3 sinh^ ^ ^ 4fc ^ sinh^ ^ sinh^ f 

1 coth,^ sinh2s| /scoth^ 3 cosh2,^ \ cosh(2s — 1)| 



+ 



2k e sinh'l ^ 



+ 



4 ^2 sinh^ ^ 



sinh 7- 



^ s cosh2^ ^3coth^^ sinh(2s - l)f 



V2fc^sinh^^ 2 ^2 y 



sinh I 
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Q 



E 



27r2fc sinh^ ^ (^2 + 7r2A;2n2 



\2 ' 



6F 



- cosh 2^ 2 -,^coth^ 3 cosh2^ 

OS + 1 r5 2s — 1 ^ 



sinh ^ 



1 cosh 2f cosh 2s| 1 , sinh2si 
+ T^coth^- 



2/c2 sinh^ ^ sinh^ | 



fc2 



sinh^ I- 



'2s , , 1 cosh2f \ cosh(2s-l)|- 



sinh I- 



+ 



' s cosh 2^ 2cothA sinh(2s — 
^k'^ sinh^^ k ^ J sinh | 

^2 ^ T,2)^2^2 _ ^2 



1)1 



E 



2 sinh^ ^ 7r2A;2n2 (^2 + n^k^n' 



(A.ll) 



(A.12) 



The substitution of ( |A.7|) into ( |4.19| ) gives 



k- 



dk 



' Q rXk ( 



—10 

sinh ^ y 



(A.13) 



The leading infrared divergence comes from the first terms in P and Q and is easily 
calculable: 



r(2) 



X-^ - {2s^ - 3s' + s 



--X'k- fes^ - 6s + 1) 1 = --A;A^ f2s^ - 3s^ + s 
3 6^ ^ J 9 ^ 



Integration over k gives 



Indet [-D^) ~ -A=^s2(l-s) 



(A.14) 



the result, quoted in Sec. |[ 

For integral k ( A.14 ) turns to zero. One may expect that other power-like divergences 
also cancel. We shall see that this is really the case, moreover, the logarithmic divergence 
vanishes as well, and the resulting contribution to the determinant is finite and is of order 
1/k. 

After integration over ^ in ( |A.13| ) one should remove the variation with respect to 
k. This procedure is trivial for the first term and, as we are interested in the value of 
Indet (— -D^) for integral k, we can put s = in the integrand. The second and the third 
terms should be integrated over k directly. We find: 



rXk ( 

rfaMcothe- 



sinh f 



P 



s=0 



lx'k--(\k~- 
6 2 V 2 



18 



where 



_2A; f In — + ^ + 7 + 2C{-2)] +h(\n^ + l + ^ + 2C'(-2) 



27r 



^ -AA; + :r 



Oil 



1 



-6s + 1 

^-2.2 



— -(2s-l) -A'r-AA; 



-A^A;^ 
3 

1 



sinh C,, 
36 J 



+3 (Afc-ln^-lI-7-2C'(-2) 



1 



2F 



P + - 2 In a - ^ - 4C'(-2)) 



1 

2s 

2 

k 
2s 



~2sk 



k'FiiA) - Jin A + Fi(A) + II + 2C'(-2)^ 



+ - sign(2s - 1) (-PF^'(A) + eF[{A) 



fc2 

2 



sigri(2s - 1) (-Ff;(A) + kF,JA)) + (2.s - 1) ( ^ + 



A(s) = 1 - |2s - 1| 



^i(A) 



1 - e 



-AA 



A 

F2(A) 



A 



A 



— cot 
2 2 



+ ^(1 
ttA 



A 
2" 



F±(s) =^(s)±^(-s). 
For the second term in ( |A.13| ) we have: 

X^k'^P{Xk) = ^(2s^-3s^ + s)a^-^(6s^-6s + i)a2 + |(2s 



-2 + (1 - sign(2s - 1)) A^s + -A e 
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but it gives zero contribution: 



r dsx^k^p{\k) = 0. 

Jo 



(A.22) 



Let us consider the contribution of ( |A.16| ). Some of the terms in this expression do 
not depend on s exphcitly and can be integrated over k directly; others should be first 
integrated over s from to 1 at fixed and then summed over A^. Thus we obtain: 

= dk' I^Xk' - 3 In 2A + 1 - 37 + O 



N<k 



+ E (-«^'-3^'V + ln2A-- + 3T + 0(-^ 



(A.23) 



The final result is given by a difference of ( |A.15| ) and ([A .231) and is equal to zero up to 
the terms of order 1/k. 

For the spatial components of the current we find 



2-iTiknz 



leijkUja 



and 



E 



sinh^ 



sin 7mA; 



Att'^ sinh^ ~1 \ n'^k'^n'^ 



Tink 

Cn sin Tckn^ 
Tc^k^n'^ 



(A.24) 



(A.25) 



The substitution of this expression in ( ^.lyi ) leads to the convergent integral, so the limit 
— > cxD and integration over ^ can be interchanged. Since jf^-* is, at least, o(l/fc^), it's 

(2) 

contribution is negligible at large k. Thus we conclude that F} = 0{l/k). 
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